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A magnetostatic particle simulation model has been developed and tested for a low /Y 
plasma in a strong magnetic field. The model makes use of a three-dimensional grid elongated 
in the direction of a magnetic field in order to simulate plasma waves propagating nearly per- 
pendicular to the magnetic field. Linear interpolation is used for a iwo-dimensional grid per- 
pendicular to a magnetic field while cubic interpolation is used for the direction of the 
magnetic field. Full particle dynamics has been used for the motion of ions, while the guiding 
center approximation has been used for the motion of electrons. It is found that energy con- 
servation is good and the fluctuation spectra of the electric and magnetic fields from the 
simulation agree with theoretical predictions quite well. c 1986 Academic Press, Inc. 

I. INTRODUCTION 

Particle simulation of plasmas has been a well-established means of plasma 
research along with the development of large scale supercomputers. It is playing an 
important role in comprehension of the inherent and complicated nonlinear 
processes involved in plasma dynamics [ 11. Particle simulation models are 
extremely useful and desirable in simulation of kinetic processes in magnetically 
confined plasmas, and in particular, nonlinear behavior of 
microinstabilities, plasma diffusion, and plasma turbulence have been 
CL 31. 

Full three-dimensional models for both electrostatic and magnetostatic problems 
have been developed to understand the physical processes mentioned above 14 61. 
Such models have been constructed for both cylindrical and toroidal systems using 
either a two-dimensional grid for the plasma cross section and eigenfunction techni- 
ques in the direction of an ambient magnetic field [4, 51 or a f’uh t~ree-~~me~§~~nai 

grid elongated in the direction of the external magnetic field [6]. In particular, both 
electrostatic and magnetostatic models in cylindrical geometry using a three- 
sional grid have been tested for a plasma near thermal equilibrium [6]- In this 
model a grid elongated in the direction of the magnetic field compared with the 

two-dimensional grid in the cross section has been used. Thus, the higher inter- 
polations, such as quadratic or cubic splines, are used for the axial direction. For 

215 
0021-9991/86 $3.00 

Copyright ((3 1986 by Academxc Press. Inc. 
Ail rtghts of reproduction in any form resewed 



216 KIMANDOKUDA 

the plasma cross section, linear interpolation is used. Full particle dynamics has 
been used for both ions and electrons. 

Instead of treating the full dynamics of electrons, the guiding center 
approximation along with the predictor-corrector method can be used for the low 
frequency, 0 4 co,, , and long perpendicular wavelength, k, pe < 1, regimes, where 
w,, is the electron gyrofrequency and pe is the electron gyroradius. Such a model 
has given satisfactory results for the electrostatic simulation in which low frequency 
particle motion across a magnetic field has been studied [7]. Furthermore, one can 
use a larger time step in the guiding center model compared with that in the model 
using full particle dynamics for the motion of electrons. 

In this paper, we develop a magnetostatic model using a three-dimensional grid 
and guiding center approximation for electrons, and test this model for a plasma 
near thermal equilibrium. As mentioned above, we use a higher order interpolation 
such as cubic spline for the axial direction and a linear interpolation for the perpen- 
dicular direction to a magnetic field. In Section 2, a magnetostatic model, the so- 
called Darwin model, which is appropriate for the description of a low /I 
(p = plasma pressure/magnetic pressure) plasma, is given. The resulting fluctuation 
spectra of electric and magnetic fields are compared with theoretical predictions in 
Section 3. Finally, discussions and conclusions are given in Section 4. 

II. MAGNETOSTATIC MODEL FOR A Low p PLASMA 

Many of the collective effects in plasmas, fusion or space, are nonrelativistic and 
nonradiative. The radiation can be excluded when it is not of physical importance. 
There are many situations, however, in nature and laboratory experiments in which 
only the low frequency electromagnetic fields are important so that the high fre- 
quency radiative fields due to photons may be discarded. Physically the radiative 
fields do not couple directly to plasma particle motion because of its large phase 
velocity. We can save considerable computing time if the high frequency radiation 
fields are separated from the low frequency electromagnetic fields. 

A magnetostatic model or Darwin model achieves this goal by eliminating the 
transverse part of the displacement current in Ampere’s law which is responsible for 
the high frequency radiations [S-lo]. 

We decompose the electromagnetic fields and current density into two com- 
ponents, transverse (T) and longitudinal (L). Then the equations for the elec- 
tromagnetic fields may be given by 

VxB&,J= 
c (14 

VxE== -f;B (lb) 

v2$fl = -47cp; EL= -Vcj. (lc) 
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Note that the term dET/8t in Eq. (lb) is discarded. This is the snly assumption of 
this retardationless model. The set of equations (1) is combine 

VxEL=O @a) 

v. 

where Eqs. (2a) and (2b) indicate the definitions of ~o~git~di~a~ and transverse 
components, and Eq. (2~) is an expression of conservation of charge. 

We consider a simulation model with the set of above equations in a three- 
dimensional rectangular box in a strong, uniform external magnetic field which is in 

k, =o 
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FIG. 1. Time averaged magnetic field fluctuations for the two-dimensional modes, k = (k,, k,, Q), 
averaged over the entire length of the run. upe t = O-1026 (case 1). The solid line is the theoretical predic- 
tion from Eq. (7). 
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FIG. 2. Time averaged magnetic field fluctuations for the three-dimensional modes, 
k= (k,, k,, k,= *271/L,), averaged over the entire length of the run (case 1). The solid line is the 
theoretical prediction from Eq. (7). 

the z direction. We consider a plasma model elongated along the magnetic field so 
that L, $ L,, L,, where L,, L,, and L, are the lengths of the simulation plasma in 
three dimensions. Since L, B L,, L,, the grid size in z will be much larger than 
those in x and y. For the cases of low frequency plasma turbulence where modes 
with k, 9 k,, play an important role, it is enough to keep a few long wavelength 
modes along the external magnetic field. The short wavelength modes along the 
magnetic field are heavily damped and are not important. 

In the previous model [6], we use full particle dynamics in three dimensions for 
both ions and electrons. However, when we consider low frequency phenomena, 
W%We, the guiding center approximation across the magnetic field can be used for 
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electrons, while the full three-dimensional dynamics is used for ions. This 
approximation can reduce computing time substantially. 

Using Eqs. (9) and the configurations mentioned above, only the X, y com- 
ponents of the self-consistent magnetic field, B,, B,, the z component of the trans- 
verse electric field, ET, and the full component of the longit 
are calculated, where we assume that BZ 4 B, and B, is scarded for a low p 
plasma [6]. 

Taking the curl of Eq. (la), 

t i 
t i 
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FIG. 3. Time averaged electric field fluctuations for the two-dimensional modes, k = (k,, k,, O), 
averaged over the entire length of the run (case 1). The solid line is the theoretical prediction from 
h. (8). 
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or, in k space, 

B,(k)= i $ (k,,J,-k,J,)zi -f$ kyJz 

B,(k)=i-$ (k,J,-k,J,)= -i-$ k,J, 

(4) 

where only the z component of J is retained because k, < k,. 
For EZ, taking the curl of Eq. (lb), we get 

471 aJ T V2ET=- - 
2 at 

or, in k space, 
4n aJr -k2ET =- --.A z 2 at (5) 

where E and JT are the z components of the transverse electric field ET and current 
density JT. aJ/at is now expressed by using the equation of motion in the guiding 
center limit, 

(6) 
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FIG. 4. Temporal behavior of the electric field fluctuations along and across the magnetic field 
(case 1). 
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FIG. 5. Time history of the real and imaginary parts of the vector potential, 

spectrum for (1, 0, ! ) mode (case 1). 
Ak(t), and its frequency 

where we assume that most of currents are produced by the electrons. E, is given by 

E-B E,B,+E,B,+E~B, 
E,, =---jj- 

B 
=E,+Ek 

so that 
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and 

B ELxB 
Vj=Vil z+c B2 . 

Substituting Eq. (7) into Eq. (5), we find 

- k2ET - 
z $$ @ET) = ST. 

e 

Equation (8) is solved iteratively as before [6]. 

III. TEST OF THE MODEL 

The first example concerned (case 1) is the following: 16 x 16 x 8 grid in (x, y, z), 
16 x 16 x 640 Debye length system in (x, y, z), a,/Ax = a,/Ay = a,/Az = 1, where a,, 
a y, a, are the widths of Gaussian particles used, Ax, Ay, AZ are the grid sizes, 
mi/m, = 25, T,ITi = 1, o,,/L()~~ = 2, mpe At = 1, and total number of particles = 2048. 
The system is triply periodic and the plasma is uniform over the entire system. Note 
that the grid size in z is 80 times larger than Ax and Ay. 

FIG. 6. Frequency spectrum of the electrostatic potential, dk(t) for (1, 0, 1) mode (case 1). 
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Using a conventional method such as the fast Fourier transform technique, we 
calculate electric and magnetic fields on the grid points. As a method of charge and 
force sharing on the grid points, we use linear interpolation in the x-y 
and cubic splines in the z directions. Using a similar time steppin 
developed by Pritchett and others [!I], we calculate the instantaneous 
electric and magnetic fields. After the self-consistent electromagnetic fields are 
obtained, we push both ions and electrons 

Figures 1 and 2 show the time averaged magnetic fiel fiuctuations for the tv+0 
dimensional (k, = 0) and three-dimensional modes (k, = *2x/L,). The theoretical 
spectrum is given by [I6, 111 

VIBk12 T 1 
--=z 1 + (k2C2/co$) f -2(k) 871. 

where 

f -2(k) = exp(k x %z2+k;a;+k;a;) 
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(7) 

FIG. 7. Time averaged magnetic field fluctuations for the two-dimensional modes, k = (k,, ic,, Q), 
averaged over the entire length of the run. wpe t = t&2050 (case 2). The solid line is the theoreticai predic- 
tion from Eq. (7). 
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FIG. 8. Time averaged magnetic field fluctuations for the three-dimensional modes, 
k = (k,, k,., kz = *271/L;), averaged over the entire length of the run (case 2). The solid line is the 
theoretical prediction from Eq. (7). 

f(k) is the effective form factor for the linear and cubic interpolations used in the 
simulation and V is the plasma volume. 

Field fluctuation spectra reveal that theory and simulation agree quite well for 
both zero frequency two-dimensional and three-dimensional shear Alfven modes. 
Note that the compressional Alfvtn modes do not exist in this spectrum because B,, 
the parallel component of B to unperturbed magnetic field B,, is totally discarded 
in the low fi approximation as discussed in the model. 

For electric field fluctuation the theoretical fluctuation is expressed by [6, 111 

Again both experiment and theory agree very well as shown in Fig. 3. The total 
energy conservation is about 0.04% at the end of the run (513 steps). Note that the 
plasma B is 4 % here. Temporal behavior of the longitudinal electric field energies in 
three directions is shown in Fig. 4. There is no apparent sign of growth and they 
oscillate around the mean value. Note that (ET) G (ET) and (E:) because 
L,$-LL, and L,. 
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FIG. 9. Time averaged electric field fluctuations for the two-dimensional modes, k = (k,, k,, , O), 
averaged over the entire length of the run (case 2). The solid line is the theoretical prediction from 
Eq. (8). 

The time history of the real and imaginary parts and the frequency spectrum of 
the magnetic vector potential for the mode (m = 1, II = 0, k = 1) are shown in Fig. 5. 
A shear Alfvin wave above the AlfvCn frequency, o = k,, uA, is found in addition to 
the peak near w = 0 which is zero frequency magnetostatic mode. The frequency 
spectrum of the electrostatic potential for the mode (m = 1, n = 0, k = 1) is shown in 
Fig. 6. Ion Bernstein waves above the harmonics at the ion gyrofrequency, 
o rv nwci, are found in addition to the small low frequency peaks at the Alfvtn fre- 
quency, o = kv,. The peak near o E 0 is the low frequency ion acoustic wave near 
w=k,,c,, which is heavily damped in an isothermal plasma (r, N ri) due to ion 
Landau damping. 

The second example (case 2) has more grids in tbe x and y directions than ilra 
case 1. The parameters are the following: 32 x 32 x 8 grid in (x, y, z), 32 x 32 x 64c8 

ebye length system in (x, y, z), and total number of particles = 8192. The rest of 
the simulation parameters are exactly the same as those used in e 1. Figures 7 
and 8 show the time averaged magnetic fluctuations for k== CI three-dimen- 
sional modes for k, = 2n/L,. Both results agree quite well with the theoretical spec- 
trum. The comparison between measurement and theory of electric field ~uct~a~io~ 
is shown in Fig. 9. Again the simulation result is consistent with the theory. Note 
that the energy conservation is about 0.02 % at the end of the run. 

IV. DISCUSSIONS AND CONCLUSIONS 

We have developed magnetostatic particle simulation models in t 
using the guiding center approximation for electrons. In this model a three-dimen- 
sional spatial grid elongated along the magnetic field was used. Linear interpolati 
was used for the plasma cross section while cubic interpolation was used along 
magnetic field. 

Near thermal equilibrium both theoretical prediction and measurement agree 
quite well for both magnetic and electric field fluctuation. During the corn~~~i~~ 
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run conservation of energy is extremely good. The code developed here may be 
useful for both space and laboratory plasma simulations. Drift Alfvtn instability in 
a magnetic confinement device or generation and propagation of Alfvtn waves in 
the magnetosphere are some examples. 
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